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A theory of bubble growth due to coalescence in gas fluidized beds was employed to predict 
the bed expansion. Using the semi-empirical correlation of bubble size by Mori and Wen, an 
equation for the height of expanded beds has been developed and verified by experiment. Pre
dictions of the proposed formula were compared with the predictions of recent bed expansion 
correlations. 

The performance of a fluidized bed reactor is, in general, strongly influenced by the 
hydrodynamic behaviour of the bed. A bubblIng gas fluidized bed is usually considered 
as a two-phase system: an emulsion (or continuous or dense or particulate) phase 
which contains virtually all the particles plus interstitial gas and a bubble (or lean 
or discontinuous) phase made up of more or less discrete rising bubbles containing 
few particles. The formation and behaviour of the bubbles are essential factors in 
interpreting many aspects of the fluidized bed such as mass transfer, heat transfer 
and mixing. 

Most reactor models for fluidized beds are based on the presence of bubbles in the 
bed l - 4 . The application of these models requires knowledge of the bubble size 
in reactors or, furthermore, information on the variation of bubble size along the 
height of bed. 

In previous works -10, we have investigated the fundamental properties of the 
fluidized bed of lime and inert particles for removal of sulphur dioxide from flue 
gas. Fluidization phenomena, such as the minimum fluidization velocityS -7, the 
terminal velocity8 and pressure fluctuations within the bed9 -1 0 have been measured 
both at ambient and high temperatures. 

The objective of the present work was to develop and verify by experiment a cor
relation of expanded bed height for the ceramsite particles. This inert material is 
being employed in our measurements on the performance of the diluted bed of lime 
particles in removal of sulphur dioxide from a gas stream 11. 
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Expansion in Bubbling Fluidized Beds 1179 

THEORETICAL 

In the beds of particles belonging to group B of Geldart's classification12, bubbles 
are formed immediately beyond the point of minimum fluidization and the porosity 
of dense phase does not change with gas velocity. For such a bed we can express the 
rising velocity of bubbles at height h as 

(1) 

where Y denotes the ratio of the actual visible bubble flow rate to the gas flow rate 
given by (U - U mf) At and eb is the local bubble fraction within the bed. 

Thc simple two-phase models assume that all gas in excess of that required for 
incipient fluidization passes through the bed as a visible bubble flow, i.e., Y = 1'0. 
Geldart13 and Werther14 recommend for Yvalues smaller than unity. The measure
ments of Chavarie and Grace15 suggest that the visible bubble flow rate increases 
with distance above the distributor. Rowe16 and Yacono et al.17 examined the 
two-phase model and developed a comprehensive theory to describe the division 
of gas between the bubble and interstitial phases. 

The overall bubble volume fraction within the bed is obtained by integrating 
Eq. (1) from the bottom (h = 0) to the top of bed (h = H): 

(2) 

The overall fraction of the bed occupied by bubbles can be related to the bed 
expansion if the dense void fraction is assumed to remain constant at emf' This com
mon assumption is supported by measurements of Lockett and Harrison18 , 

A schematic drawing in Fig. 1 shows the bubbling fluidized bed with multi-orifice 
gas distributor. 

On substituting 

(3) 

we can write for the height of expanded bed 

(4) 

The velocity of the rising bubbles, Ub' in Eq. (4) can be approximated using the 
rising velocity of a single bubble with the aid of a commonly accepted relationship 
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proposed by Davidson and Harrison 19 

(5) 

Inserting this relationship in Eq. (4) we obtain 

H = Hmr + yfH dh 

° 1 + 22·27 (Db)1/2 
U - Umr 

(6) 

The experience shows that the bubble size can be influenced by the vessel dimen
sion. The bubble growth restrictions are usually assumed when bubble size is close 
to a half of the bed diameter. When tpe ratio of bubble size to bed diameter is about 
2/3, the bubble regime approaches the onset of slugging. 

Mori and Wen20 proposed a semi-empirical correlation of the bubble size (See 
Eq. (7» which, aside from the effect of distributor design, also incorporates the 
influence of bed diameter. 

( 0·3 ) Db = Dbm - (Dbm - DbO)exp - D
t 

h . (7) 

h=H 

h=Q 

FIG. 1 
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FIG. 2 

Bubble size predicted as a function of di
stance above the gas distributor. U - Umr = 
= 15cms- l ; 1 Rowe21 , ho=O; 2 Mori 
and Wen20 , D t = 8'5 cm, n = 226; 3 Darton 
eta/.22 , Ao = 0,2511 cm2 ; 4 Werther14 
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Dbrn denotes the maximum attainable bubble diameter due to the total coalescence 
of bubbles which can be viewed as a fictitious bubble diameter for a bed of large 
dimensions. 

(8) 

Dbo is the initial bubble diameter formed at the surface of the gas distributor. 
The value of Dbo for perforated plate distributors can be evaluated from 

[
A JO.4 

Dbo = 0·347 -;(U - Urnf) (9) 

The set of the semi-empirical Eqs (7)-(9) was developed by statIstical treatment 
of about 400 data points from different investigators which covered a wide range 
of operating conditions. Eqs (7)-(9) fit the observed bubble diameters with the 
mean deviation 54%. As shown in Fig. 2 the predictions of Eqs (7)-(9) lie in the 
midst of the region bounded by predictions provided by the recent correlations of 
Rowe2l and Werther l4. 

Using Eq. (7) for the equivalent bubble diameter, then Eq. (6) can be arranged to 
give 

H = H + yfH dh , 
rnf ° 1 + (A _ B. e-mh)o.s 

(10) 

where 

A = ( 22·27 )2 Dbrn 
, U - Urnf 

(11) 

B = ( 22·27 )2 (D _ D ) 
U _ Urnf brn bo 

(12) 

0·3 
m=-. 

D. 
(13) 

The integral in Eq. (10) can be transformed by introducing a new variable 

(14) 

into the form 

fH dh 2 f(A-Be-mH)o., 1 
y dy 

o 1 + (A- B e- mh)Q.5 = m (A-B)O., 1 + y A _ y2 
(15) 
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for which 

dh 2y 
- = ---'---

1 
(16) 

dy m A _ y2 

An elememary function of the integrand on the right hand side of Eq. (15) was 
found by the decomposition to partial fractions and has the form 

. d - In AO. s + f v 1 
(1 + y)(A - y2) Y - 2(Ao. s - 1} ( y) -

1 1 
In (Ao. s - y) + --In (1 + y) + const. . (17) 

2(Ao. s + 1) 1 - A 

Having introduced the new limits of integration occurring in Eq. (15), we obtain 
after some arrangements the final equation for the average height of an expanded bed: 

H = H f + - In -
Y [1 AO. s + (A - B e-mH)o.s 

m m AO.s _ 1 AO.s + (A _ B)o.s 

---In +--In . 
1 AO. s - (A - B e-mH)o.s 2 1 + (A - B e-mH)o.S] 

AO. s + 1 AO. s - (A - B)o.s 1 - A 1 + (A - B)o.s 
(18) 

The above expression describes the expansion of bubbling fluidized beds as a func
tion of the excess gas velocity, U - U mf' characteristics of the distributor, At/n, 
and diameter of the bed, Dt • Eq. (18) can easily be solved for H by iteration using 
H mf as an initial guess. The experience shows that convergence is rapid. The difference 
between two consecutive values of H was less than 1 % after 3 - 5 iterations. 

RESULTS AND DISCUSSION 

Measurements of bed expansion have been conducted in a 14 cm i.d. glass column 
fitted with a perforated plate distributor of gas. The distributor of free area qJ = 6·93% 
contained 151 orifices with the diameter do = 0·2 cm. The flow rate of dried air was 
measured by a calibrated rotameter. 

Ceramsite particles of mean diameter 1·0 mm (0·9 -1·1 mm) were used in the 
experiments. This material is made by mechanical treatment and subsequent calcina
tion of a claystone cover from lignite mines. The bulk density of ceramsite amounted 
to 1·6 g cm - 3. The minimum fluidization velocity measured by the usual method was 
25·8 cm s - 1 at ambient temperature and pressure. 

The bed height was determined by direct visual observations as a mean level of the 
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fluctuating surface of the bed. For a given gas flow rate, the observations were 
generally repetead several times by two observers. 

The average values of measured bed heights are plotted in Fig. 3 against the super
ficial excess velocity. As can be seen curve 1 computed from Eq. (18) is quite close to 
the experimental data points and follows very well their trend. 

Curve 1 also fits very well experimental results of Fryer and Potter22. These 
workers investigated the expansion of a bed of fine sand particles (Rrnf = 11 cm, 
dp = 0,117 mm, Qp = 2·65 g cm- 3, Urnf = 1·7 cm S-1). Their fluidized bed reactor 
was 22·9 cm in diameter and was equipped with a bubble cap distributor. 

Experimental data of Best and Yates23 are also plotted in Fig. 3. These authors 
measured the bed height in a 10 cm i.d. reactor fitted with a porous plate distributor. 
In contrast to the majority of fluidization studies, Best and Yates23 worked at an 
elevated temperature of 410°C. They used larger, alumina spheres (Rrnr = 12 em, 
dp = 0·81 mm, Qp = 1·27 g cm- 3) the minimum fluidization velocity of which was 
15,7 cm S-1 at 410°C. As can be seen in the figure, these data fall about 10% below 
the predicted line 1. In view of the difficulties inherently involved in the determina
tion of expanded bed heights, the agreement between computed and experimental 
data in Fig. 3 seems to be satisfactory. 

FIG. 3 

Comparison of the experimental and com
puted values of bed expansion ratio. Hrnf = 

= 13 cm, dp = 0,1 cm; 0 this work; ~ data 
of Best and Yates23; • data of Fryer and 
Potter24. The solid lines show the bed ex
pansion ratio predicted by different equa
tions for Y = 1. 1 Eq. (18) in this work; 2 
Xavier et al.2S ; 3 Darton26 
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FIG. 4 

Dependence of the overall fraction of bed 
occupied by bubbles on the excess gas flow 
velocity for different heights of bed. Compu
tations carried out for a 8,5 cm i.d. reactor 
fitted with a perforated plate distributor with 
226 orifices, Y = 1. 1 Hrnf = 8 cm; 2 Hrnr = 
= 14cm 
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The predictions provided by the equation of Xavier et aI.25 are slightly higher 
than those from Eq. (18). As also shown in Fig. 3, curve 3 representing the predictions 
of the Darton correlation26, changes somewhat its trend at highes gas velocities 
and intersects both curves 1 and 2. 

In order to explore the influence of major operating variables such as the excess gas 
flow velocity and height of bed at incipient fluidization, we made systematic compu
tations of the overall fraction of bed occupied by bubbles. The results plotted in 
Fig. 4 indicate a minor effect of Hme on the expansion of bed. 

The proposed equation predicts the height of an expanded fluidized bed with 
reasonable accuracy. Unlike previous correlations, this formula also incorporates 
the influence of bed diameter on its expansion. Bed heights predicted by the developed 
equation are slightly lower than those determined using the correlation of Xavier. 

LIST OF SYMBOLS 

A parameter defined by Eq. (11) 

At cross-sectional area of the fluidized bed, cm2 

Ao catchment area for a bubble stream at the distributor plate, usually the area of plate 
per orifice, cm2 

B parameter defined by Eq. (12) 
do diameter of plate orifices, cm 
dp mean particle size, cm 
Db equivalent spherical bubble diameter having the same volume as that of a bubble, cm 
Dbrn maximum bubble diameter due to total coalescence of bubbles, cm 
Dbo initial bubble diameter at the distributor plate, cm 
D t diameter of the fluidized bed, cm 
g acceleration due to gravity, 980'7, cm s - 2 

h length measured from the distributor plate in the vertical direction, cm 
ho constant characterizing the distributor, cm 
H average height of expanded bed, cm 
Hrnf height of bed at the point of incipient fluidization, cm 
m parameter defined by Eq. (13) 
n total number of orifices on the plate 
ub mean absolute rising velocity of bubbles, cm s-1 
U superficial gas velocity, cm s-1 
Urnf superficial gas velocity at incipient fluidization, cm s-1 
y quantity defined by Eq. (14) 
Y ratio of the actual visible bubble flow rate to the gas flow rate given by (U - Urne) At 
8b fraction of bed volume occupied by bubbles at the level h 
8b overall fraction of bed volume occupied by bubbles 
8n1f voidage fraction at the point of minimum fluidization 
f{J free area of distributor 
IIp particle density, g cm - 3 
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